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We show the existence of a gravity dual of Fermi-like liquid in the classical limit. This 
we demonstrate by finding a Lifshitz type of black hole solution to the Einstein-DBI-Dilaton 
system in 3+1 dimensional spacetime. In particular, for z = 2, we show the linear and inverse 
quadratic temperature dependence of the specific heat and the longitudinal conductivity, 
respectively. However, we did not see the logarithmic structure of the entropy when the 
entangling region is of the strip type because the metric components does not obey the 
Q-i relation, gtx 2 { r )9rr{ r ) — l/ r2 ; where d is the dimension of the field theory. We also find 
a new class of dyonic black hole solution to the Einstein-DBI system in 3 + 1 dimensional 
1—1 spacetime. 
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1 Introduction 



There has been a lot of activity in trying to understand the scale invariant gravitational 
solution, which asymptotes to AdS at UV and at IR, it can behave either like AdS2 or 
Lifshitz type. Recently, a non-scale invariant gravitational solution found in [lj and [2] has 
been interpreted to give the compressible state of the matter which exhibits the hidden 
Fermi surfaces [3J, using holography jlj. In this context, it is suggested that the field theory 
directions and the invariant interval of the bulk scale in the following way 

t ->■ X z t, Xi -» \ 5 Xi, r — >■ —, ds -» A 7 cis, (1) 

A 

where z is the dynamical exponent, 7 is the scaling violation exponent, which is related to 
the hyperscaling violation exponent as in [BJ, and more importantly, the spatial directions 
scale linearly, i.e., 5 = 1. See references jS]- [33] for further studies. 

In this paper, we shall construct explicit solutions with 7 7^ along with 7 = and study 
its consequences. For 7 7^ 0, we construct such a bulk solution with the help of gravity, U(l) 
gauge field and a scalar field for which the spatial directions do not scale, i.e., 5 = 0. In 
order to do so, let us consider a space filling brane, whose action is described by the Dirac- 
Born-Infeld (DBI) action. On considering the back reaction of the DBI action and that of 
the scalar field on to the geometry in 3+1 dimensional bulk spacetime, makes the metric 
looks as 

ds > = r \- r ^dt 2 + dx 2 + dy 2 + ^}= r 2 ds\. (2) 

It is easy to notice that the metric can be written as a spacetime which is conformal to 
the Lifshitz spacetime [13] . In which case, the Lifshitz spacetime scales as [15], [IS], [IT] and 

m 

t -> \ z t, Xi -» \°Xi, r ->• -. (3) 

A 

with 7 = — 1. See p], [2] [19], [20] and [21] for an earlier study of the Einstein-Maxwell- 
Dilaton system. 

It is argued in [3J that for a theory which exhibits the scaling violation exponent should 

see a reduced entropy. In fact for d— 1 number of spatial directions with 7 = 6/(d— 1), the 

d-1-9 

entropy should go as S ~ T H z , where Tjj is the temperature. More importantly, in this 
case the spatial directions scale linearly, i.e., Xi — > Axj. 

We show that for 5 = 0, there do not arise any changes in the entropy in contrast to the 
5 = 1 case. In fact, the entropy behaves like that of the scale invariant solution. It is due 

to the fact that the Lifshitz solution can be written as an AdS2 x R 2 solution. Hence the 

2 

entropy go as S ~ T§. For this solution, see eq(28), the specific heat and the longitudinal 
conductivity goes as 

c v ~T]l\ a~T H 2/z . (4) 
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We also show the existence of a Fermi-like liquid by doing an explicit computation of 
the transport and the thermodynamic quantity: the longitudinal conductivity as well as the 
specific heat. We found that the specific heat and the longitudinal conductivity has the linear 
and the inverse quadratic dependence on the temperature, respectively. This we demonstrate 
by finding an exact black hole solution to a 3 + 1 dimensional Einstein-DBI-dilaton system. 
In which case the spacetime asymptotes to a Lifshitz spacetime with a non-trivial profile to 
the scalar field 

dr 

ds 2 = -r 2z f(r)dt 2 + r 2 {dx 2 + dy 2 ) + — — , <f>{r) ~ log r, f{r) = 1 - (r h /r) z+2 (5) 

r 2 f{r) 

and for some non-trivial form of the U(l) gauge field field strength such that it vanishes at 
IR in the zero temperature limit. In this case, the specific heat and the conductivity takes 
the following form 

c v ~T 2 l\ a~T~^ z . (6) 

The Fermi liquid like behavior follows when the dynamical exponent takes a specific value, 
z — 2. More importantly, the entropy in the zero temperature limit vanishes, suggesting the 
compressible nature of the configuration. Surprisingly, the computation of the entanglement 
entropy for a strip does not show up the necessary logarithmic term suggesting the absence 
of the Fermi surfaces. This finding in some sense supports the result of [22]. Further studies 
related to the Fermi liquid or the presence of Fermi surfaces are reported in [23]-|43j. 

It is interesting to note that for a specific value of the dynamically exponent, z = 2, we 
see from eqQ and eq([6]) that only the conductivity go from the non-Fermi liquid (NFL) 
type to the Fermi liquid (FL) type. This happen for the choice of the parameters as defined 



in eq(12). This kind of "jump" from NFL phase to FL phase is noted previously in [55] . 

In the absence of the scalar field, we find an electrically charged black hole solution 
in arbitrary spacetime dimension at UV whose form precisely matches with that of the 
solution found for the Born-Infeld black holes in but not the dyonic black hole solution 
in 3 + 1 dimensional spacetime. For these type of black hole solutions there exits a non-zero 
entropy even at zero temperature. This particular property is similar in nature to that of 
the Reissner-Nordstrom (RN) black hole. 

The findings of the paper for the Einstein-DBI-scalar field system in d + 1 dimensional 
spacetime is summarized in Table Q. 



The paper is organized as follows. In section 2, we write down the effective action and 
its equation of motion. In section 3, we shall present the solution at IR. In particular, the 
solution that shows the Fermi-like liquid behavior. In section 4, we find both the electri- 
cally charged black hole and a dyonic solution for trivial scalar field. Then show that the 
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Solutions at IR 



Solutions at UV 



For c/mn ^ 0, F M n ^ and 



For g MN ^ 0, F MN ^ and = 0, 
(a) generates charged AdS black hole solution 
in any arbitrary spacetime dimensions; 
the entropy density in the vanishing 
temperature limit remains non-zero, 
s = g|T fe , p = , as T H -> 0; 

%/4A 2 -T 6 2 ' 



d-1 



The chemical potential is not a continuous 
function of the charge density. 
No Log structure in the 
entanglement entropy. 



it generates AdS 2 X R 



Shows log structure in the 
entanglement entropy for d = 2 



(b) Dyonic AdS black hole solution in 3 + 1 
dimensional spacetime; 
the entropy density in the vanishing 
temperature limit remains non-zero, 

S = ^T 6 4^?, as TWO. 

No Log structure in the 
entanglement entropy. 



For g MN ^ 0, F MN ^ and ^ 0, 
(a) Lifshitz solution with a^0, /3 ^ 
in 3 + 1 dimensional spacetime; 
the entropy density vanishes as 
temperature vanishes, s ~ T]/ z ; 
The specific heat, cy ~ T# ; 
The longitudinal conductivity, a 
No Log structure in the 
entanglement entropy. 



T 



A/z. 



(b) Hyper scaling violating solution but 
without decreasing the entropy with 
q^0, /3 = in 3 + 1 dimensional 
spacetime; the entropy density vanishes as 
temperature vanishes, s ~ T i 



2/z. 



The specific heat, c v ~ T } 



■2/z 

h j 



H i 



The longitudinal conductivity, a 
No Log structure in the 
entanglement entropy. 



T 



-2/z. 



H 



Table 1: The summary of the solution of the Einstein-DBI-Dilaton system with two param- 



eters a and /3 and the potential, V(0), as defined in eq(12) and eq(13). The entanglement 
entropy is obtained for a strip. a 



electrically charged black hole solution found for the DBI actions are same as that found 
for Born-Infeld actions. In section 5 and 6, we compute the conductivity as well as the 
entanglement entropy, respectively. And finally we conclude in section 7. 



2 The action 



The action that we consider contains metric, the abelian gauge field and the scalar field as 
the degrees of freedom. In particular, the action involving the gauge field is the non-linear 
generalization of the Maxwell action, namely the Dirac-Born-Infeld action. The exact form 
of the action is3 



S 



2k 1 



d d+1 x 



-g[R-2A- l -d M <t>d M (t> - V{<j>) ) - T b ZM\l-det[ \g\Z 2 (<j>) + XF 



ab 



(7) 

where [g] a b = d a X M d b X N gMN is the induced metric on to the world volume of the brane. T b 
and A are the tension of the brane, and cosmological constant, respectively. F = dA is the 
two-form field strength. Since, we are considering the brane to fill the entire space, means 
[g]ab — 9ab- 

The equation of motion of the metric component that follows from it takes the following 
form 



R 



AIN 



2A 

(d^l) 



9mn ~ U M -l) V ^ ~ \ d M<pd N <p 



-detlg Z 2 (<P) + XF 



ab 



4(d 



-g 



gZ 2 (<P) + XF) +(gZ 2 (<P)-XF 



KL 



0. 







9mn9kl — [d — l)gMK9NL 
The gauge field equation of motion is 

Z 1 (cj ) )J-det(g Z 2 {<t>) + XF) ((g Z 2 {<j>) + XF 



ab 



g Z 2 {4>)-XF 



MN- 



(8) 



(9) 



It follows trivially that the gauge field can be fully determined in terms of the metric 
components and the dilaton. Finally, the equation of motion of the scalar field 



gd 



M 



~9 — n T b — r— 



>-det[g Z 2 (<P) + XF) - 

ab 



Z^J -detlg Z 2 (0) + XF 



)ab~lU^\ g ' Z ^ +XF ) 9MN = 0. (10) 



L See 



where the authors used a related action to study the holographic QCD in the Veneziano limit. 
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Let us consider an ansatz where the metric, the abelian field strength and the dilaton to 
be of the following form 

-g tt (r)dt 2 +g rr (r)dr 2 + g xx (r)dxl A = A t (r)dt, F = A' t drAdt, <f> = <f>{r) (11) 



d* 2 

ab d+l 



with the following form of the functions 

Zi(4>) = exp(—a(f>), Z 2 (4>) = expiPfi), 
and we choose the potential as 

V((f>) = mi exp(m 2 0), 



(12) 



(13) 



where m\ and m 2 are constants. With this structure of the ansatz, there exists several exact 
solutions. 

Given such a choice of the metric as written in eq(ll), the various non- vanishing compo- 
nents of the Ricci tensor are 



Rtt 
R 



9tt 9tt9* 



9tt9rr 



2g. 

5i ; 



q" 

Hxx 



2g r 



^9rr9xx ^9rr9tt ^rr 

9xx _|_ 9xx9rr 9tt9xx 

4g rr 9xx ^9 2 r ^9rr9tt 



q" 



q' 2 

Hxx 



R rr — — (d — 1) 
Solving the equation of motion of the gauge field gives 



9rr9 xx 



9? t 



t +(d-l)^ + (d-l)^^ + ^ + 
2g xx 2g tt Ag 2 xx 4g„g.. 



9tt9rr 



\A[ 



pZ 2 y/9u9r 



+ ZlZt l 9t l 



9tt9rrZ 2 — A A 



2 A /2 

t 



^9tt ' ^9rr9tt 

+ zlzt'gt 1 



(14) 



(15) 



where p is the constant of integration and interpreted as the charge density. The equation 
of motion of the scalar field can be simplified as 



Or 



iJxx 

grr 



dV 



-yfgugVr g. 



(d-l)/2 _ 



dZ\ _|_ •Zi ( d — 1\ dZ 2 



x 



T b zt 1)/2 g x d x- 1)/2 \/gugrrZ 2 2 - \ 2 A? - T b z^ 



7 (d+l)/2 n (d-l)/2 J 7 

^9 gttg>rrg xx «^2 



g a g rr Zi - \ 2 A' t 2 



0. (16) 



Now using the solution of the gauge field, the equation of motion of the scalar field 
becomes 

d r (yf^~ iv v) - ^ Vg^gVr gOr™ - r^v^V > + z 2 zt l gt^ 

TbyJ gugrrgix 1 Z\Z 2 ^ 



dZ x Z 1 /d-l\dZ 2 
~dd) + Z~ 2 \ 2 )~d~6 



P' + Zlzt'gtx 1 

6 



0. 



;i7) 



Finally, the equation of motion of the metric component can be expressed, explicitly, as 
follows 

V + (d-3) Z 2 g tt i A _ x — 

^ + - d3T g " " Tb 2(rf - 1) gf^ ^P 2 + ^2 5^ + 



2 vV + Zlzt'gt 1 



o, (18) 



-tt-jj b c l_i (d-3)/2 U ' V iy J 

r V + 2A f , /2 rp (d — S)g rr gry/g + gjg^gg 
rr d - 1 ^ rr 2^ + 6 2(d - 1) ^f 1 )/ 2 

^2^_9rr ^ = g (2Q) 

3 Exact solution at IR: Ad5 2 x i^ -1 

In a special case for which the potential energy is trivial, V{4>) = 0, along with constant Z x 
and Z 2 , i.e., Z\ = 1 = Z 2 , the dilaton can be taken as trivial. In which case, it is expected 
that the solution near the IR end should take the following form AdS 2 x R 1 ' 1 and the explicit 
form of it looks as 

r 2 R 2 ■ ■ ed 

ds 2 d+1 = —-fy^dt 2 H — f-dr 2 + c^ ) 5 i jdx' l dx\ A = —^r dt, (21) 
R 2 r R 2 

where R 2 is the size of the AdS 2 spacetime and we have set A = 1 for convenience. The 
tension of the brane and the cosmological constant is determined as 

Ii=!v^I, A=-*^_ = -*f. (22) 
e rf - e 2 d e d 

It is easy to notice that for real valued tension, T&, the brane requires the constraint 
R\ > e 2 d and such a condition is easily met by looking at the equation of motion of the gauge 
field. The constant is determined in terms of the charge density, p, as 



p R 



e d = 2 . (23) 

nr. 2(d=iy v 1 

VP + c o 
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The finite temperature solution at IR with only non-zero electric field in any arbitrary d + 1 
spacetime dimensions 



ds d+i 



-^2 ( l ~ - V + 7 R " \ dr2 + ^Sijdx'dxi, A = P (r Th) dt, (24) 



2V ' 7 r 2 (l-^) V c o +P : 



with the tension of the brane and the cosmological constant as written in eq(22). 

If we want to turn on a constant magnetic field along with an electric field for which 
the 1-form gauge potential takes the following form A = j^rdt + ^(x±dx 2 — x 2 dxi), then 
the finite temperature solution at IR, let us say in 3 + 1 spacetime dimensions, takes the 
following form 

ds 2 = ~ (l - ^)dt 2 + , dr 2 + c 2 (dx 2 + dy 2 ), A — p ^~ rh ) =dt. (25) 

The tension of the brane and the cosmological constant takes the following form 



24y/4 + B 2 + p 2 4 + B 2 + p 2 

b R 2 (B 2 + p 2 ) ' " R 2 2 (B 2 + p 2 )- { ] 

3.1 A black hole solution for /3 = 

In 3 + 1 dimensional bulk spacetime dimension, there exists a black hole solution at IR, 
which is conformal to the Lifshitz spacetime (or to AdS 2 x R 2 ). In order to construct such 
a black hole solution, we choose the potential as 

V(0) = mi exp(m 2 0), (27) 

where mi and m 2 are constants. The solution reads as 

dv 2 n r z ~^~^ 

ds 2 = r 2 [-r 2z f(r)dt 2 + dx 2 + dy 2 + ^—], F = -. P dr A dt 

r2 /W yVP + expt-J^ 



2(2 + z)exp(- 



<t>0 



2^z~+lLog r, m x = 2X2 Vz+1 [z + (z + l)p 2 X 2 exp(2-^=)] : 

p z y Vz + 1 



T b = 2 e ~^[i +2z \ ll + P ^ex P A), a=' = 0, A = 



P 2 A 2 V v v^TT v^TT' 

— t==f, /r =1- — , Zi = — - 
+ 1 V r / r 2 

8 



1 /r^\ 2+2 e - a< po 

m2 = 2/3-a = --==, /(r) = l-(-^) , Z 1 = Z 2 = l, (28) 



where 0o is a constant and z is the dynamical exponent. Even though we have set the 
quantity A to zero it does not mean the cosmological constant vanishes. In fact upon 
expanding the potential, V(<fi), one sees the presence of a negative cosmological constant, 
which is determined by m\. The constant p is the charge density. 

Let us calculate the Hawking temperature associated to the black hole solution as written 
in eq(28). It is calculated from the following formula 

1. 



--V a e b V a e b , 



T, 



H 



2^' 



(29) 



where the null vector e a defines the horizon, (e a e a ) rh = and the temperature, Th, is 
evaluated on the horizon. For a spacetime of the form: ds 2 d+1 = —gtt^dt 2 + g rT {r)dr 2 + 
9xx{ r )dx' l dxi, the Hawking temperature of the system essentially becomes 



T, 



1 



H 



9tt 



4VT V y/9tt9r 



(30) 



where prime denotes derivative with respect to the radial coordinate, r. Doing the calculation 

(31) 



for the solution eq(28), we find the temperature as 

2 + z 



T 



H 



47T 



The entropy density which is the area of the horizon divided by AG = ~ gives 



1 / 4tt 
4G \2 + z 



(32) 



It is interesting to note that the entropy density vanishes as the temperature vanishes, for 



positive dynamical exponent. There follows, the specific heat, c v = Th 



3.1.1 Null Energy Condition 



(dT H ) 



T, 



2/z 



H 



Given the choice of our action in eqQ, the energy- momentum tensor takes the following 
form 



T, 



MN 



d M 4>d N (t) - qmn 



V + 2A 



1 



Z X Z 2 J -det(Z 2 g + XF) 



(Z 2 g + XF) + (Z 2 g - XF) 



KL 



gKhigNL (33) 



Demanding that the system that we are dealing with should satisfy the null energy 
condition, Tmnu m u n > for some null vectors u M gives us the restriction on the Ricci 
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tensor as Rmnu m u n > 0. By considering the two possible choices for the null vectors as 
w* = l/yftht, if = l/^/g^.,u l = and u l = u XlXl = l/y/g XlXl , u r = and setting 

the rest of the vectors to zero, gives the following conditions for the metric of the type 

ds 2 d+1 = -r 2{z+1) dt 2 + r 2 dx i dx i + dr 2 , (z + l)(d - 1) > 0, z(d + z-l)>0. (34) 



We obtain such a form of the metric in the zero temperature limit of eq(28). Upon solving 
the inequality, we find the most interesting restriction that is 

d > 2 z > 0, (35) 

whereas the other possibilities are not that interesting because either the dimensionality of 
the spacetime or the dynamical exponent could become negative. 

3.2 Lifshitz solution: (a ^ 0, (3 ^ 0) 

In order to generate a Lifshitz solution, we shall consider the case where all the degrees of 
freedom are non-trivial i.e., they do not vanish, as well as the functions Z\ and Z 2 are not 
set to unity. But we shall take a trivial potential energy, V = with non-zero cosmological 
constant, A / 0. For simplicity, we shall be solving the equations of motion in 3 + 1 
dimensional bulk spacetime dimensions. In this case the solution reads as 

dr 2 r z+2 
d4 + i = -r 2z f(r)dt 2 + r 2 (dx 2 1 + dx 2 2 ) + ^ r - y /( r ) = 1 - JL_ 

4>(r) = 2y/z~^lLogr, Z x = - Z 2 = r 2 , F — pT j drAdt 

r 4 v 1 + * P 



. VT+gg z 2 (l + X 2 p 2 ) + z(l + 2X 2 p 2 )-2 



where the dynamical exponent z should always be bigger than unity, z > 1. The Hawking 
temperature, in this case, turns out to be 

Th = { -^r r '"- (37) 

With the Bekenstein-Hawking entropy density given as s = k /(2tt) (^) 2/2 T^ /2 . From this 
expression of the entropy density, it follows trivially that for positive dynamical exponent 

the entropy vanishes as temperature vanishes. The specific heat, c v = Tff(^h\ ~ T^/ z . It 

is interesting to note that for a specific choice of the dynamical exponent, z = 2, the specific 
heat has a linear temperature dependence. 
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4 Black hole solution at UV 



Let us construct a black hole solution for a specific choice of the functions that appear in 
the action eq((7]), namely, we set Z\ — 1 = Z 2 and the potential energy as V = 0. For this 
choice of the functions, it follows that the solution to the scalar field can be taken as trivial 
= 0, in which case the gauge field takes the following form 



l.C 



\A' t = 



'p 2 + g 



,d-l 
xx 



(3? 



The equation of motion of the metric component reduces to 



R 



2A 



AIN 



(d-1 



-guN 



Th 



-det(g + XF\ 



ab 



4(d- 1) 



XF 



-i 



XF 



KL 



9mn9kl — (d — l)gMxgNL 



0. 



(39) 



Let us assume that the geometry, asymptotically, approach the AdS spacetime. We 
consider the following form of the spacetime for explicit calculations 



ds d+i 



~ 2 [-Mdt» + dat] + ^ y 



(40) 



where R is the size of the AdS spacetime. Let us substitute this ansatz into the equations of 



motion of the metric eq(39), then there arises two second order differential equations. One 
from the g a and the other from the g rr component. In fact these two differential equations 
are not independent, the precise relation is ^§j x eq(18) = — 2r 2 x eq(20). So we left with 
only one second order differential equation, which reaas as 



r 2 f" + (d + 3)rf + 2df + 



AAR 2 T b R 2 (r/R) 



d-l 



d 



+ 



n 2 , r^d-D 
P i R 2(d-1) 



d- 3. 
d-l 



T h R 



R d ~ 



r 2(d-l) 



0.(41) 



Now, this eq 
lows from eq 
of motion that 



uation can be reduced to a first order differential equation, which essentially 
follows from eq(19) and the precise relation is — — d r (eq(19)) = eq(41). Finally, the equation 
bllows from eq(19) 



e „ s Mt s 2AR 2 T b R 2 r l ~ d / „ r 2 ( d "D 
rf'(r) + df(r) + —— + —— -—\ p 2 + 



0. 



d-l ' d-lR l - d V ' R 2(d ^ 
On solving this differential equation for the generic choice of the dimension gives 

2AR 2 T b R 2 p r l - d „ [ 1 1 2d - 1 r 2 ^ 



f(r) 



Cl 
r .,d 



d(d-l) (d-l)R 



l-d 



l F 1 



2' 2(d- 1)' 2(d- 1)' R^-Vp 2 



(42) 



(43) 
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To get a feel of the solution, in what follows, we shall try to solve it for few specific 
choices of the spacetime dimension. Let us assume that the geometry asymptotes to AdSs, 
i.e., we set d = 2, in which case the solution is 



ds 2 z 



with 



- AR - TuR 



Vr 2 + R 2 p 2 R A T b f 



Log(r + yr 2 + R 2 p 2 ^. 



2r 2r 2 

where c\ is a constant. The horizon, r^, is determined as the location for which /(r/j) 
For AdS±, the solution looks as 

- 2 R 2 dr 2 



(44) 
= 0. 



ds\ 



f(r) 



— [-f(r)df + dxl + dx 2 l + r2f{i) 



r 



1 

6r 



2 T b R 2 ^/r* + R*p 2 



1 T,/? 4 Ff 1 1 5 
—l b pK 2 ri[-,-,-, 



4' 2' 4' i? 4 p 2 



(45) 



Similarly, solving for an AdSs spacetime, we find 



ds\ 



f(r) 



r2 ' " - v2 , »2 , j„ 2 , j„2i -R 2 ^ 2 



°i _ 1 jR 2 A _ J_ T R 2 / r 6 + ^6 p 2 

r 4 6 12r 3 V ^ 



— T b pR 2F 1 [ 6 , 2 , 6 ,- W ^ 2 



(46) 



where 2-Pi[ a > b, c, x] is the hypergeometric function. In order to fix the constant, ci, we need 
to do an expansion in the small charge density, p, limit and compare it with the RN black 
hole solution. From which we can identify the constant c\ as the mass of the black hole, 
C\ oc —M. The explicit calculation is presented towards the end of this section. 



The gauge field that supports the AdS spacetime, from eq(38), follows as 

(j./ R y{d-iy 



XA t (r) = r R*- 1 2 F 1 



1 1 2d - 1 
2' 2{d- 1)' 2{d- 1)' 



(47) 



The constant quantity, is determined by requiring that the gauge field should vanish at 
the horizon, A t (rh) = 0, in order to keep the norm of the gauge potential finite at the horizon. 
The chemical potential is determined by 



a: 



pR 



d-i 



XJr h ^ r 2(d-l) + p 2 R 2(d-l) 



A (d-2)y/7T 



r 



4-Mv 
2 - 2d) 



2d 



2(d-l)"| 
h 



1 1 1 - 2d r 
2' 2(d-l)' 2-2d' p 2 



(4$ 
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where pt = pR 1 ' 1 . This particular form of the gauge potential, hence the chemical potential, 
matches precisely with the one computed in the probe approximation in [H] i.e., without 
taking the back reaction of the gauge field onto the geometry. We can determine whether 
this particular state corresponds to a compressible phase or not by simple looking at the 
continuity of the chemical potential with respect to the charge density. 



dp 
dp 




+ 



r h p(d - 1) 



p 2 _ R 2-2d r 2d-2 



2d rl {d ~ 1) R^- d ) 



(49) 



At a very specific value of the charge density, namely, p = (r^/i?) , the above derivative 
has a singularity. So, we conclude that the dual field theory of the Einstein-DBI system does 
not show up the necessary feature to be part of the compressible phase of matter. 

The temperature of the d + 1 dimensional black hole can be computed from the formula 



as written in eq(30) as 



T, 



H 



(d-l)AnR 2 



2A + T b r}- ypiR 2 ^- 1 ) + r 2 h {d ~ 1] 



(50) 



where we have used eq(42) to find the derivative of the function f(r). The Bekenstein 

o / \ d ~ 1 



Hawking entropy density becomes 



R 



(51) 



Let us find the entropy in a limit for which the temperature of the black hole vanishes, 
Tjj = 0, for a non-zero size of the horizon, ^ 0. This happen when the size of the horizon 
takes the following form 

npR^ 1 



„d-l 



4A 2 - T% 



In this case the entropy density becomes 



2tt 



T b p 



'est 



4A 2 



(52) 



(53) 



It means even for the non-linearly generalized Einstein-Maxwell action that is the Einstein- 
DBI action has a non-zero entropy at zero temperature. Moreover, the existence of non-zero 
entropy or the non-zero horizon size at zero temperature suggests an upper bound on the 



tension of the brane T h 2 < 4A 2 and is consistent with the solution found in eq(22) for AdS2 
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The specific heat C v = T H (^^j that follows 



C 



v 



2(d - i)Kl$- d r d h J fR 2 ^ 1 ) + r 2 h {d ~ 1] [2Ari + T b r h J p 2 R 2 ( d ~ 1 ) + r 2 h {d ~ 1] 



K 2 [R 2 rf(T b r d h + 2Ar h ^f p 2 R 2 ( d -^ 



r 



2(d-l)s 



- (d - 2)T bP 2 R 2d rl] 



(54) 



In our notation T b is positive and we are dealing with spacetimes of negative cosmological 
constant, which means there exists a range of values of the charge density for which the 
solution has got positive specific heat. In this range of charge densities, the system is 
thermodynamically stable. In fact, for a choice like, d — 3, R = 1 = r^, the specific heat, 



C 



v 



47r x /l+p2[2A+r i) ^l+p2] 



For small charge density, it becomes Cy = 4ir+ T 8 ^ 6 A p 2 + 0{p) 1 



T 6 (i-p2 )+2Av /I^ • ^ """" — -j, ^ v ^ n+2K , 

Let us fix the precise relation between the constant c\ and the mass M, in order to do 
so, let us use the thermodynamic relation dM = T H dS + $dp. Since the charge density is 

constant means the mass of the black hole can be found from M = J dr h T H (^^j . Doing 

the above integral along with the use of the following relations for Hypergeometric functions 

(a-b) 2 F 1 [a,b,c,x] = a 2 F 1 [l+a, 6, c, x\-b 2 -Fi[a, 1+6, c, x], 2 F 1 [a,b,b,x] = (l-x)~ a , (55) 

gives the mass as 



2A 

2n 2 R d+1 M = —r d + T b pR d - l r h 2 F 1 



2d 



r 



2(d-l) -| 
h 



2'2(d-l)'2-2d' p 2 R 2 ( d ~ 1 ) 
Recall that the constant c\ is determined from the condition, j{vh) = 0, which means 



(56) 



2AR 



2„d 



Cl 



T bP R c 



2+1 



d(d-l) (d-1) 



r h 2 F X 



1 - 2d 



2(d-l) 



2'2(d-l)'2-2d' p 2 R 2 ( d ~ 1 ) 



(57) 



On comparing these two expressions, we find c\ = — j^rR d+3 M. 
4.1 Dyonic solution 

In this case we turn on both the electric field along with a magnetic field in 3 + 1 spacetime 
dimensions. The magnetic field is considered to be a constant, for simplicity. Hence the 
explicit structure of the field strength and the metric is 

F = A' t (r)dr A dt + Bdx A dy, ds\ +1 = -g tt {r)dt 2 + g xx (r)(dx 2 + dy 2 ) + g rr {r)dr 2 . (58) 

Let us solve the equation of motion associated to the gauge field and is given as 

pZ 2 ^g t t9rr _^ „ „ r?2 X 2 A i2 _ 9tt9rr{Zlgl x + \ 2 B 2 )ZlZl 



\A' t = 



^p 2 + Z 2 (Z 2 g 2 xx + \ 2 B 2 ) 



gttg rr Z 2 



X 2 A' 2 = 



p 2 + Z 2 (Z 2 g 2 x + \ 2 B 2 ) 



(59) 
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With a non-trivial magnetic and electric field the equation of motion of the metric com- 
ponents gets modified and are given as 



V + 2A T b 

Rtt H z 9tt + 



ZiZ 2 g tt g z 



2 Jp 2 + Z 2 (Z 2 g 2 xx + A^) 



0, 



(60) 



R 



V + 2A _ 



<fc**y - Z 2 ^p 2 + Z 2 (Z 2 g 2 xx + X 2 B 2 ) = 0, 



(61) 



\/ + 2A 



9rr — -0' 2 —Z\Z\ 



QrrQx 



Zf(Z 2 g 2 xx + X 2 B 2 ) 



(62) 



Now, we shall consider a specific configuration for which the potential energy is taken as 
trivial, V = and Z\ = \ = Z 2 . In this case, again, the trivial dilaton profile is a solution, 
= 0, to the equation of motion. In order to find the black hole solution, let us demand 
that the solution asymptotically looks as an AdS spacetime. In which case, the following 
ansatz to the metric solves the equations of motion 



ds 2 - — 

^3+1 " R2 



f{r)dt 2 + dx 2 + dy 2 



+ 



R 2 dr 2 
r 2 /(r)' 



(63) 



with some form for the function f(r). From the gu and the g rr part of the metric components 
we find the following second order differential equation for the function f(r) 



T b r 2 R 2 



r 2 f (r) + 6r/(r) + 6/(r) + 2R 2 A 



yV 4 + R\p 2 + \ 2 B 2 ) 



0, 



(64) 



whereas from the g xx component of the metric, we find the following first order differential 
equation for f(r) 



rf'(r) + 3/(r) + AR 2 + 



T b R 2 
2r 2 



r 4 + R\p 2 + \ 2 B 2 ) = 0. 



(65) 



One can easily check that these two differential equations are not independent of each other. 
On solving the first order differential equation, we find the function, f(r), has the following 
form 



„ , ex AR 2 rrr>2 ^ + R*(p 2 + \ 2 B 2 ) Tb Ry P 2 + X 2 B 2 

J\ r ) = "J o IbK ~r> 7T^ 2-Tl 



6r 2 



3r 2 



115 r 4 

A'2'l'~R\p 2 + \ 2 B 2 )_ 
(66) 
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It is easy to see that this solution in the zero magnetic field limit reproduces eq(45). As 



was done for the solution eq(45), we can identify the constant c\ oc — M, as the mass of the 
black hole. The horizon is determined from the zero's of the function, /(r^) = and the 
entropy density is given as s = (2tt/ n 2 )(rh/ R) 2 ■ 



The temperature of such a dyonic solution is 



H 



2A + ^J{p 2 + \ 2 B 2 )R* + rf l 



8irR 2 

and the entropy in the extremal limit is 

2tt T 6V /p 2 + X 2 B 2 



(67) 



Sext 



4A 2 



7^0. 



(68) 



There arises an interesting question: Is it possible that 4A 2 = T 2 ? In which case the 
entropy in the extremal limit diverges. In order to answer such a question, let us look at the 
relation between the cosmological constant and the tension of the brane. From the condition 
of the vanishing temperature, there follows 



4A 2 



1 + 



4A 2 



> 



(69) 



So, in the vanishing temperature limit the magnitude of the cosmological constant should 
be bigger than half the tension of the brane. 

The chemical potential for such a dyonic solution is determined as 




dr 



pR 2 



r 4 + (p 2 + \ 2 B 2 )R 4 

1 1 5 



4 F 2^ f , 

R{p 2 + X 2 B 2 y/^ U' 2 ' 



2' 4' 4' R*(p 2 + \ 2 B 2 ) 



(70) 



4.2 Connection with the BI black hole 

Recently, an electrically charged black hole solution is found in arbitrary spacetime dimension 
with the Born-Infeld (BI) matter [46], see also [H]- [53]. It is certainly interesting to find 
the connection between the Einstein-DBI black hole solutions for trivial dilaton with that of 
the Einstein-BI black holes in the presence of a cosmological constant. The BI matter and 
the DBI matter is described 

Sbi = J V=g^ + aFM"F MN , S DBI = J yl-det{g + \F) MN (71) 
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where a is a parameter. For small a we see the Maxwellian matter. 

Generically, the DBI action is completely different from the BI actiorj^J but in a specific 
situation they can coincide. This happen only when the U(l) field strength has got one 
non- vanishing component. Let us illustrate this point by considering two non- vanishing 
component of the field strength, F = A' t (r)dr Adt + Bdx Ady, in d+1 dimensional spacetime, 
ds 2 d+l = -g tt (r)dt 2 + g xx (r)(dx 2 + dy 2 ) + g xx (r)dz 2 + g rr (r)dr 2 . 

On computing the BI and the DBI matter 



1 - 2a — *— + 2a — , 

dttgrr g xx 



r d-i 
Sdbi = / a/ 9tt9rr9xx 

So, there follows that either for zero magnetic field or for zero charge density, A' t = 0, both 
BI and DBI gives the same action for 2a = A 2 . Hence, its only the electrically charged black 
hole solution is same as found in [35], but not the dyonic solution. 



S. 



Bl 



V 9tt9rr9xx 



\ 



\ 2 A' 2 X 2 B 2 
1 + 



9tt9r 



q 2 

J XX 



\ 4 B 2 A' 2 

9tt9rr9%x 



(72) 



5 Application: DC conductivity 

As an application of the solutions found in the previous sections, we shall study various prop- 
erties of the action as written in eqQ. To begin with, we shall calculate the dc conductivity. 
To do the computations, we shall use the flow equation technique of jl5], which is done in 
[M] and [55j for the DBI system. In order to do the computations, let us first fluctuate both 
the metric and the gauge field components, i.e., g tx and A x and are assumed to be functions 
of time, t and r. The time dependence comes e.g. for the metric fluctuation as gtx{ r )e~ lwt ■ 
In what follows, we shall not be computing the conductivity for those solutions which has 
a non-zero magnetic field. Doing the above mentioned fluctuations, we find that the x — r 
component of the equation of motion as written in eqQ gives the following relation between 
the metric fluctuation and the gauge field fluctuation 

/ d-l 

\jg tt g rr Zl - \ 2 A' t 2 (g' xx g tx - g xx g' tx ) + X 2 T b Z 1 Z 2 2 g xx A x A' ty /g tt g rr = 0, (73) 

where prime denotes derivative with respect to r and we have done the Fourier transformation 
with respect to e~ tujt , means we have set the momentum to zero. Also, in doing the compu- 
tation, we have used the following result to the Ricci tensor R xr = 2 ™ (g' xx 9tx — gxxg'tx)- 

2 Upon expanding the determinant in the DBI matter for arbitrary spacetime dimension det(g+AF)jMN — 
det{g)MN + det(XF)MN + • • •, where the ellipses stands for various even powers of F. Upon restricting to 
3 + 1 dimensional spacetime, the det(F)MN oc F A F and this term is absent in the action of the BI matter. 
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Let us expand the gauge field part of the action as written in eqQ to quadratic order in 
the gauge field, A x , using eq(73) results in 



o(2) 



\ 2 T b 
An 2 



p 2 + zizfgt 1 

rr 



9ttA x - A x I u z g rr + 



2 , 2A 2 t 6 a;Vp 2 + ztzt'gf 



Z 2 g. 



d-l 
2 



(74) 



The equation of motion that follows from it takes the following form 



Or 



P 2 + zlzfgt 1 

9ttA x 



Z29xxyf 9tt9rr 



P 2 + zlzt'gt 1 



2 2\ 2 T b A> 2 ^ P 2 + ztzt'gt 1 

u g rr H - 



z 2 g. 



d-l 

2 
XX 



Z 2 g X xy/gttg rr 

Let us compute the current at some choice of the radial coordinate, r = r c , from eq([74j) 

(76) 



A x = 0. 
(75) 



J x (r r 



\ 2 T b 



2k 2 



zlzt'gt 1 



9ttA' x 



Z 2 g xx ^j 'gttgrr 

Now assuming that the Ohm's law holds at any choice of the the radial slice, r c , gives 

J x (r c ) = cr xx (r cj oo)E x (r c ) = a xx (r Cl u)iuA x (r c ), (77) 

where in the second equality we have expressed all the quantities in the Fourier space. In 
order to see such a form of the Ohm's law, we assume that the retarded correlator at any 
radial slice is given, by generalizing eq(29) of [45] 



G R {r c , k,j) 



fl(r e , k^) 

A x {t C i kp) 



(7f 



where n(r c , k^) is the momentum associated to the field A x , evaluated at r c . In this case, 
the transport quantity, which is the conductivity, at r c is related to the retarded correlator 
as a{r c ,k^) = iGii(r c , k^/uj = —iIl(r c ,k^)/A x (r c ,k^). Note that the current in eq(76) is 
nothing but the momentum associated to A x , hence there follows the Ohm's law at slice r c , 
eq{77|. 

Let us evaluate the flow equation of the conductivity as we change the slice from r c to 
r c + 5r c in the limit 5r c — > 0. In which case, the resulting flow equation becomes 



d rc a xx (r c , u) = —ibj k 



g rr (r c ) 



\ 9tt{ 



(a x %r c ,u)) 2 _ A\ 2 T 2 p 2 Z 2 {r c )g tt {r c 



Ak 2 



d+1 

9xx (r c ) 



(79) 



where E, 



/ p2^_g2 z d— 1 d — 1 

— — — At the horizon, the time component of the metric vanishes, 



9tt{ r h) — 0, which means as we take the limit r c — > r^, we need to impose a regularity 
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condition on the conductivity at the horizon and the condition reads 



\r h ) = E A (r h ) 



,A 2 r 6 

' An 2 



p 2 + Z\Zt X 9l 



(80) 



n, 



It is interesting to note that at the horizon the in-falling boundary condition for the gauge 
field, A x , follows naturally combining the form of the conductivity at the horizon eq(80) and 
the Ohm's law at the horizon, i.e., J x {rh) = a xx {rh)iujA x {rh). In order to see it, let us use 



eq(76) and eq(80) in the Ohm's law. Then it follows that the derivative of the gauge field is 



related to the gauge field at the horizon as 

A' x (r h ) = - 



-no 




51) 



J r h 



Integrating this gives us the desired in-falling form of the gauge field at the horizon, 
namely 



' f h dr \ 



2) 



A x (r h ) = . 

It is very easy to convince that in the zero frequency limit, i.e., the DC conductivity 
remains same over the entire range of the radial coordinate, which suggests that it does not 
run. Now given the form of the DC conductivity as in eq(80), there follows the following 
temperature dependence for different solutions 



a 



X 2 T b 
2k 2 



1 + p 2 x 



in 



)(2/*) T p 



for eq(28) with 







for eq(36). 



(83) 



Let us recall that the longitudinal conductivity for the non-Fermi liquid (NFL) state of 
the matter has the inverse temperature dependence. Now at IR, we do generate such a 
behavior of the conductivity, if we choose the dynamical exponent z = 2 for the solution 
eq(28) whereas z = 4 for the solution written in eq(36). Such a behavior of the longitudinal 
conductivity has been found in [63] for z = 2, in the probe brane approximation. However, 
for z = 2, we find that the solution as written in eq(36) has the longitudinal conductivity, 
a xx ~ T^ 2 and that of eq(28) has the longitudinal conductivity, a xx ~ . This implies 



that as far as the conductivity is concerned, by tuning the parameters like a and (3, we can 
describe either the FL or the NFL state in a 2 + 1 dimensional field theory. Such a crossover 
was found in a 3 + 1 dimensional field theory using a magnetic field in [55J. 



6 Entanglement entropy 

The entanglement entropy of a d dimensional field theoretic system or a d + 1 dimensional 
gravitational system is determined by finding the d — 1 dimensional minimal spacelike hy- 
persurface, 7^, that extremizes the area of the hypersurface [56]. The explicit formula for 
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the entanglement entropy is Sa = Arc | G '^ 7a , where Gat is the Newton's constant in d + 1 
dimensional gravitational system. Various aspects of the entanglement entropy is further 
studied in |57]-|S2]. 



For the geometry of the form as written in eq( 11), the geometry of the d—1 dimensional 
hypersurface takes the following form 



*~ (r) G£) +gxx{r) 



dx\ + g xx {r)(dx 2 2 H h dx 2 ,^) 



where the precise nature of the hypersurface is determined by the function r(x\). On com- 
puting the area of this hypersurface, ja, we find 



dX-y 



dxd-! dr gxi Jg rr + g X x(dx 1 /dr) 2 . 



*5) 



In order to carry out the integral of X2 to Xd-i, let us assume for simplicity the hy- 
persurface has the shape of a strip. In which case, we assume that — £ < x\ < I and 
< [x2, • • • , Xd-i) < L. Finally doing the integrals results in 



A(j A ) = L d ~ 2 d Xl g x £ sjg xx + g rr (dr/d Xl ) 2 . (86) 
Extremizing the surface area gives the following solution to the function r(x±) 

dr \fgjjr) - gxxirfgZ^ir*) 

dXl g*Z 

where the turning point, r*, is determined from 



dr 



g X x 



r*)Jg rr (r) 



d-l 

g X x 1 



dr 



\ 



g r r(r) 



Txx\ r ) 



Finally, substituting this form of the function, r(xi), from eq(87) into the area gives 



L 



d-2 



dr 



9L\ r )\l9n\r) 



d-2 



\l gtxi r ) ~ 9x*{r)gt\r*) 



A j J9xx 2 ( r )9rr(r) 

dr 



59) 



where A is the UV-cutoff which will regulate the presence of the divergence while taking the 
r — > 00 limit. For trivial hypersurfaces, which are defined as drjdx\ = 0, the area can't be 



computed using eq(89). Rather, we should use eq(86) to do the calculations. Recall that 
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for finite metric components, dr/dx\ = means the spatial part of the metric components 
are constants, i.e., g xx {r) = d =constant. In which case the entanglement entropy precisely 
matches with the Bekenstein-Hawking entropy and this happens for spacetimes which are of 
the AdS 2 x type. 

It is argued in [22] that the presence of the logarithmic structure in the entanglement 
entropy suggests the presence of Fermi surfaces. There are two ways to generate such a 
logarithmic structure to the ) from eqd89j), whenever the metric components satisfy, 

QrrOix 2 = l/ r2 > with a power law type of relation between £ and the turning point (b) 
from eq(c 



from eq( 



), with I is related to the turning point logarithmically, i.e., ~ Log £, and 



89), the area should come as a power law in r*. 



We can easily see the entanglement entropy that goes logarithmically for the type (a) are 
d = 2, with g rr = 1/r 2 (constant /non-constant metric components of, g xx (r)), [56] • However, 
for d > 2 with g xx = r 2 means g rr should be ' >. One such example is studied 

in [22] for d = 3. 

For type (b) the simplest choice is to take the spatial component of the metric to go 
exponentially. In which case, it could be possible that the curvature is diverging. 

The examples that are studied in the present paper does not show the presence of the 
logarithmic structure in the expression of the entanglement entropy when the entangling 
region is of the strip type with the dimensionality of the bulk spacetime four, i.e., d = 3. 



7 Conclusion 

In this paper, we have found the geometry created by considering the back reaction of 
a space filling D-brane in the presence of a scalar field, i.e., new solutions to Einstein- 
DBI-dilaton system. The most notable solution shows Fermi-like liquid behavior in 3 + 1 
dimensional gravitational description. This we demonstrate by finding a black hole solution 
which asymptotes to Lifshitz spacetime. For a specific choice of the dynamical exponent, 
z = 2, the longitudinal conductivity and the specific heat goes as inverse quadratic and linear 
in temperature, respectively. Even though the geometry and the U(l) gauge field is scaling 
invariant but the presence of a non-trivial dilaton profile breaks it. At IR, the field strength 
vanishes whereas the dilaton diverges. We leave the study of the dispersion relation obeyed 
by these solutions, along the lines of [33] and [67] , for future research. 

In the absence of the dilaton, we found an electrically charged black hole solution in any 
arbitrary spacetime dimensions as well as a dyonic black hole solution in 3 + 1 dimensional 
spacetime. Its only the electrically charged black hole solution are same as that obtained for 
the BI black holes in [30] ■ Interestingly, these solutions asymptotes to AdS spacetime. These 
black holes, without dilaton, have some non-zero entropy even in the zero temperature limit. 
Whereas the entropy for the black holes with dilaton vanishes as the temperature vanishes. 
We leave the detailed study of the thermodynamics for future investigations. Instead of 
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considering the space filling Dd-brane action, it would be interesting to study the lower di- 
mensional brane action along the lines of [65J with massive embeddings [66J, whose solution 
as well as the rich thermodynamics, we leave for future research. 
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